The paper presents the results of analyses of numerical experiments concerning GPS signal propagation delays in the atmosphere and the discrete mapping functions defined on their basis. The delays were determined using data from the mesoscale non-hydrostatic weather model operated in the Centre of Applied Geomatics, Military University of Technology. A special attention was paid to investigating angular characteristics of GPS slant delays for low angles of elevation. The investigation proved that the temporal and spatial variability of the slant delays depends to a large extent on current weather conditions.
INTRODUCTION
Atmospheric refraction plays an important role in precise determination of position by means of Global Positioning System (GPS) techniques. The influence of atmospheric pressure, temperature, and first of all humidity slows the GPS signal down, diffuses it and changes its propagation direction. In consequence, these factors cause the propagation time between the satellite and the receiver to be longer than in the vacuum. These delays, called slant tropospheric delays or corrections, are mainly related with the lower layers of the atmosphere where weather phenomena occur. Since the GPS waves are non-dispersive in the troposphere, the slant delays cannot be eliminated and they appear in the observational equations as additional unknowns. In a specific measurement epoch there are as many delays as there are observed GPS satellites. From the computational point of view, this situation is unfavourable and it results in multiplication of the number of the unknowns and usually in a bad conditioning (peculiarity) of the observation matrix. In practice, in order to reduce the number of the unknowns, the slant delays are expressed using zenithal delays (common for all satellites) computed subsequently with other geodesic parameters in the estimation process of observation systems solutions. The relation between these delays is realized using mapping functions dependent on the direction of the satellites observations. Just a few years ago, the available Bernese (Dach et al. 2007 ) and GAMIT-GLOBK (King and Bock 2005) software packages used mainly the Niell mapping functions (Niell 1996) . The coefficients of these functions were determined on the basis of the solutions of the GPS waves propagation equation, the so-called eikonal equation, using selected profiles of the standard atmosphere model and verified using upper air sounding data. This indirect way of determining the slant delays, due to neglecting the current weather conditions, is burdened with a large systematic error, especially for satellites at low elevation angles. For this reason, operational possibility to determine the mapping functions using meteorological data from global weather predicting models was brought to attention (Niell 2000) . The research presented in Boehm et al. (2006) was a continuation of Niell's work, and the European Centre for Medium-Range Weather Forecasts (ECMWF) model was used for this. The discrete mapping functions were defined for the global network and the international IGS services (International GNSS Service), IVS (International VLBI Service), and IDS (International DORIS Service). Introducing these mapping functions significantly improved the results of the satellite geodesic techniques and made it possible to realize the precise positioning of a single point (PPP) with sub-centimetre accuracy (Urquhart et al. 2011) . Data from the mesoscale non-hydrostatic Coupled Ocean/Atmosphere Mesoscale Prediction System -Naval Research Laboratory (COAMPS-NRL; Hodur 1997 , Bosy et al. 2010 model are used for the research presented in this paper. This model, unlike the global ones, due to better spatial resolutions of the computational grids, enables to monitor the temporal and spatial variability of the meteorological elements fields with better effectiveness, especially the humidity which is the main cause of difficulties encountered in GPS signal delay modelling. The values of the delays, especially for low elevation angles, may have significant influence on the solutions of the observation systems. For this reason, the proper determination of the delays is extremely important for accuracy of spatial geodesic techniques and it has significant influence on the accuracy of geodesic parame-ters computations (e.g., Bogusz et al. 2011 , Urquhart et al. 2011 , Wielgosz et al. 2012 .
SLANT DELAY OF GPS SIGNAL
The considered slant delay ǻĲ s is a result of integrating the refraction coefficient n of the atmosphere along the GPS signal path s from the satellite to the receiver (Fig. 1) 
where ǻĲ s is the total delay of the signal in the atmosphere (expressed in units of length, e.g., meters), and ds, dl are the differential increments of the s and l (straight line) paths' lengths of the GPS signal from the satellite (sat) to the receiver (rec).
The ǻĲ g element defines the curvature and represents the geometric delay resulting from the difference in length of the signal paths calculated along the curve and the straight line connecting the receiver and the satellite. The geometric delay Ĳ g has significant contribution (decimetres) for low elevation satellites; it is less than 1 cm for elevation angles greater than 15° and it equals zero in the direction of the zenith (Mendes 1999) .
Meteorological parameters generated by the COAMPS mesoscale model, i.e., potential temperature, total pressure, and specific humidity (Figurski et al. 2007 (Figurski et al. , 2009 , were used for determining tridimensional refraction fields n xyz . The fields were interpolated from the computational space of the mesoscale model (Lambert's Conformal Projection with the Gal-Chen Fig. 1 . The geometry of the GPS signal propagation. and Somerville's nonlinear vertical coordinate) into the parallel planes of a local topocentric coordinate system defined by the GPS station position (Fig. 1) . The Cartesian coordinate system used for realizing the computations simplifies preparation of the algorithm of the eikonal equation called also the ray Eq. 2 written in the form of ordinary differential equations system:
where s is the path measured along the ray (Fig. 1) and defined by the vector r = [x(s), y(s), z(s)] with respect to the beginning of the topocentric reference system, Ȟ is the vector tangential to the trajectory (ray) at point r, and n(r) is the refraction coefficient dependent on the radius vector r. The equation system 2 indicates that both the length of the path s and the value of the slant delay ǻĲ are dependent on the spatial heterogeneousness of the refraction coefficient n(r) defined by the gradient n(r). The solution of the system 1 was formulated in the form of the following initial-value problem: 
In Eq. 3 r 0 = [x(s 0 ), y(s 0 ), z(s 0 )] is a vector of the GPS station antenna location, ȗ is the zenithal angle, Q 0 is a versor tangential to the trajectory at point r 0 which is determined by the directional cosines: cos D, cos E, cos [ defining the direction to a selected point in the space, e.g., the satellite position. In order to determine signal delay of the particular satellite, shooting method (Hobiger et al. 2008) or collocation method (Zus et al. 2012 ) is used.
THE ALGORITHM OF DETERMINING THE SLANT DELAY
The path s of the ray and the slant delays ǻĲ related with it were determined using an iteration algorithm (Figurski et al. 2007 (Figurski et al. , 2009 ). For every GPS station it uses atmospheric refraction fields defined in the topocentric systems ( Fig. 1 ) on rectangular grids interpolated from irregular grids (of spatial resolution of 13 and 4.3 km in the Lambert's Conformal Projection) of the mesoscale model. The distribution of distances between the computational planes (levels) of these grids is not uniform. Distributions similar to that presented in Rocken et al. (2001) were used for the research. This solution saves the operational memory of the computer and shortens the time of computing while maintaining appropriate accuracy of the obtained values of the slant delay. It is also compatible with the distribution of atmospheric fields in real atmosphere, in the altitude reference system, and in mesoscale mod-els. In the grids considered here, the cells are cuboids (Fig. 2) with different heights dh and constant lengths of the sides dx, dy equal to the distances between the nodes of the mesoscale model cells. The program for local threeline interpolation is introduced because of the applied procedures of solving the equations system 1 and thus the necessity of computing the values of refraction in any point of the computational cell (Fig. 2) . (1 )(1 )(1 ) (1 )(1 ) (1 ) (1 ) (1 ) (1 ) (1 ) .
The variables (x, y, z) in Eq. 4 are normalized. The normalization is equivalent to an auxiliary transformation of the cuboids cells into unitary cubes (Fig. 2 ).
Polynomial form of the function n xyz simplifies determination of gradient components n xyz vector which are necessary for integrating realization procedure for the differential equations system 2 of the ray. The procedure determines the trajectory, i.e., the GPS signal path. The classical constant step Runge-Kutta method of the fourth order (Ralson 1995) was used here. Identifications of the cells of the computations grid in which the determined point of the trajectory is placed (Fig. 2) , is an important phase of the algorithm. For irregular grids, this identification is usually a complex process and computationally expensive. However, it is simple for the used rectangular grids. In this case, the cells are identified by the (i, j, k) indexes defined by: where "floor" is a function rounding the numbers down, and r 0 = [x 0 , y 0 , z 0 ] is the vector connecting the centre of the topocentric system with the local system (x*, y*, z*) of the current cell of the grid (Fig. 2) . Procedure 5 may also be applied to regular spherical grids. The refraction value and the gradient 4 are computed for a new point of the trajectory after determining the point and identifying the cells of the grid (Fig. 2 ). The new position is then determined by means of the procedure of integration. The iteration process is continued until the modelled atmosphere is left. Recording the coordinates of the points of the trajectory and their related values of refraction n xyz enables to compute the slant delay value ǻĲ s (Eq. 1).
NUMERICAL EXPERIMENTS

Meteorological conditions
For the conducted basic research, every forecast from the model may be considered as the real state. However, having in mind future provision of mesoscale zenithal ǻĲ z and slant ǻĲ s delays for the users, as well as mapping functions m = ǻĲ s /ǻĲ z determined on their basis, we have to be aware that the question of confronting the model results with the actual conditions, i.e., appropriate monitoring and validation of the mesoscale model performance, will be inevitable. For this reason, investigating propagation of the GPS waves was related with periods in which the state of the atmosphere determined by the COAMPS mesoscale model correctly reflected the real atmospheric conditions.
To quantitatively verify the results, MSG 2 (Meteosat Second Generation) satellite images from the archives of the Dundee University, http://www.sat.dundee.ac.uk/, were used. Cloud systems related with atmospheric precipitation are observed in the IR7 (8.3-9.1 μm) images (Fig. 3) . The satellite images are presented in the COAMPS model projection. It is observed that areas of precipitation and related cloud systems generated by the model are correlated with the cloud systems observed in the images. It is, among others, an effect of the observations data assimilation process which determines the initial conditions of the weather forecast. Partial quantitative verification of the atmosphere state, especially concerning the surface fields in the area of Poland, may be conducted using data provided by synoptic stations of the Institute of Meteorology and Water Management. If all sites were equipped with automatic systems measuring basic meteorological parameters, it would provide excellent auxiliary material from the Active Geodetic Network European Position Determination System (ASG EUPOS) network. Currently, EUREF Permanent Network (EPN) and the WAT1 sites are equipped with such stations. 
The process of scanning the atmosphere
The process of scanning the atmosphere generated by the COAMPS mesoscale model was used in order to investigate the character of the slant delay spatial distribution (Figurski et al. 2009 ). The slant delays were determined according to the scheme presented in Such sampling of the space enables us to obtain appropriately accurate interpolated values of the delay for any direction. Due to the minimum value of the elevation angle, H = 3q, the computations could not be realized for all points of the mesoscale model space. For example, the area of 1885 by 2197 km (13 km grid), as presented in Fig. 4B , is appropriate for determining the full distributions of the slant delay ǻĲ s for the rays inclined at 3° with respect to the plane of the horizon for all points belonging to the territory of Poland (except for those that are subject to visibility problems). The lengths of the rays projections R z (Eq. 6) for the elevation angles H (Fig. 4B) 
where a = 6371.229 km, and h = 30 km is the height of the COAMPS atmospheric model.
For H = 3q Eq. 6 provides R H =3q | 370 km. The R H parameter value usually influences the choice of the spatial resolution of the mesoscale model grid. Figure 4B shows that a square of the side length of about 1400 km is sufficient to determine ǻĲ s for R H = 3q . The courses of slant delays ǻĲ s presented in Fig. 5 as functions of the elevation angles for fixed azimuth values, mesoscale model forecast time and daily zenithal delays ǻĲ z are the results of the computations.
Mesoscale mapping functions
Using the plots of Fig. 5 
where ǻĲ z = ǻĲ s (İ = 90°) is the zenithal delay. In case of investigating the influence of water vapour content on GPS signals propagation or a reciprocal task, e.g., GPS tomography of the atmosphere using the complete mapping function m c , it is possible to extract its wet m w and hydrostatic m h parts. Determination of m w and m h (Rocken et al. 2001 , Urquhart et al. 2011 ) is realized using the following relations:
, ,
where , , , ,
n w , n h are dry and wet parts of the slant ǻĲ s and zenithal ǻĲ z delays and of the refraction coefficient n. For the t = 0 epoch, the m c functions are computed using the analysis of meteorological fields, while for t z 0 using forecasts obtained from the mesoscale model. The analysis is based on real data which have to be collected from the meteorological data exchange network for the main synoptic times (00, 06, 12, 18 UTC). The delay related with it causes that operational application of m c is feasible for ultra-short, e.g., 6-hourly weather forecasts. s are proportional, and their angular characteristics are identical. The functions described by Eq. 8 vary from the simplified ones routinely used in GPS analyses by anisotropy of the spatial distribution. The simplifications are first of all related to the assumed independence of azimuth Į. The research presented below indicates that such an assumption is justified only for appropriately large elevation angles assumed in practice as the cut-off angles (H > 10q).
ANALYSIS OF SLANT DELAY DISTRIBUTIONS
Investigating the mapping functions 7 is not simple because of their multidimensionality. Therefore, the analysis method of projections on sub-spaces of various combinations of the H, Į, t, x parameters was used for this purpose. For example, the projection on the İ, Į sub-space is equivalent to fixing the position x of the GPS site and fixing the time t of observation. The first plot (Fig. 5) illustrates the relation 9 between the slant delay ǻĲ s and the elevation angle İ for constant value of azimuth Į and time t for the WAT1 reference site. The other plot (Fig. 5 ) presents one-dimensional temporal courses of the zenithal delay described by Eq. 10. They reflect, among others, the changes of meteorological conditions (e.g., air humidity) above the observation point.
, const, const, , 
From a practical point of view, the sets of values of function 7 for elevation and azimuth angles determined by the varying in time position of GPS satellites are important for the GPS solutions. Generally, the slant delays ǻĲ s for a selected GPS station are determined by means of fast methods of ray tracking according to the scanning scheme presented in Fig. 4 . Forecasted refraction fields of the mesoscale model determined in one hour intervals are used in the computations. Tables 1 and 2 was done with respect to a set of azimuths Į from the range of (0°, 360°) with 10° increments. Analysis of the results obtained for two selected days indicates that for the elevation angle H = 3q, the azimuth differences of the delays are up to 1.1 m (on 17 April) and 1.6 m (on 19 April). They decrease with increasing İ, reaching 14 and 28 cm for the elevation angle of H = 15q. Additional comparison of estimated values of standard deviations V 'W(H) shows that the distribution for 19 April has greater spatial variability than the distribution for 17 April (Fig. 6) . Therefore, it may be concluded that the GPS weather defined by the spatial variability and irregularity was worse for the meteorological conditions observed at 00 UTC on the second of the considered days (Table 2) . It is interesting that the conclusion might be opposite if the average values ( , )
were considered alone. In this case, the maximum difference is only 5 cm. The presented example illustrates the dissimilarity of the anisotropic mesoscale mapping functions developed in the research and the isotropic NMF or VMF1 type functions (Niell 1996 , Boehm et al. 2006 . 
are presented in Fig. 6 , where x WAT1 is the WAT1 reference site position vector. Application of the differences presents in a clearer way the dependence of delays on the elevation İ and azimuth Į angles. Observing them in the abso- lute courses is more difficult because the disturbances (differences) amplitude for the elevation angle of 5° is about 50 times smaller than the average value. The plots of Fig. 6 may also be presented in the polar form which is more comfortable for analysis.
Figures 7-12 present azimuth distributions of differences of slant delays s r W ' for the WAT1 site for elevation angles H = 3q, 4q, 5q. They were constructed using the following equations: 
where ( , ),
is the discrete course and its average with respect to azimuth (Fig. 6 Distributions presented in Figs. 8, 10 , and 12 were also obtained using Eq. 12 but for differences ( , ) corresponds to the distribution of slant delay at 12 UTC. The plots of the type as in Fig. 8 present differences between the azimuth course at a specific hour of forecast and the course at 12 UTC for each of the elevation angles (H = 3q, 4q, 5q) . Red/blue colour indicates greater/smaller values than the averaged discrete course with respect to azimuth of the slant delay ǻĲ s . Additionally, MSG 2 geostationary satellite images from selected spectral channels, meteorological elements fields for the computational surfaces of the mesoscale model (e.g., relative humidity), and vertical cross-sections indicating the conditions of the GPS signals propagation are included. Equations 12 and 13 do not use up all the possibilities of investigating the spatial distributions of slant delays. For example, s W ' for given elevation angles may be azimuth daily series obtained as a result of averaging 24-hour forecasted courses. In this case, stronger variability of the distributions should be expected (Tables 1 and 2 , and Fig. 13 ) because the daily average usually deviates significantly from the hourly averages used in Eq. 12. Other information related with the possibility of interpolating the delays for a receiver located in the neighbourhood of reference sites, e.g., ASG-EUPOS network, may be obtained by means of determination of spatial differences of delays between the network GPS sites for the same measurement epoch.
Analysis of the azimuth distributions of slant delays presented in Fig. 7 shows that they are similar. Such a situation, occurring for each hour of the forecast, indicates the azimuth stationarity of the weather conditions and at the same time the stationarity of the signal propagation conditions in the atmosphere. At this time, the WAT1 reference site was under cloud cover of an atmospheric front moving over Poland and in the beginning under influence of characteristic north-westerly advection of an air mass. Positive (red) and negative (blue) values of differences of delays slightly fluctuate, showing changes of the order of a decimetre. It is also observed that the directions of their extremes do not change significantly. Figure 8 shows a greater spatial and temporal variability of the delays distributions. In the first hours of the forecast, the differences are positive, reaching the values of the order of two decimetres for the elevation angle of 3°. It means an increase of the length of the signal propagation path in the atmosphere in comparison with the one for 12 UTC which determines the reference epoch. In the following hours, the signs and the directions of the differences change, while their am- (Fig. 9) , the values and the changes of directions of the slant delay differences are bigger than on 17 April 2008 all day long. The positive component in the westerly direction decreases starting at 00 UTC. At the same time, the south-easterly component appears and develops reaching about 0.5 m. Then, in the afternoon hours of the forecast, the scenario is opposite. The plots in Fig. 10 indicate better transmission properties of the atmosphere in the first part of the day, and worsening of the properties in the following part. This is partly justified by cloud systems observed in the included satellite images in the vicinity of the WAT1 site. A similar situation, presented in Fig. 11 , is observed for distributions investigated for comparison for 14 June 2009. In general, it may be concluded that positive differences (Figs. 7, 9, and 11) are usually correlated with directions indicating existence of a developed system of layer clouds, e.g., frontal system, which is related with areas of larger quantities of water vapour, while negative values correspond to GPS waves propagation through cloudless areas of the atmosphere. Distributions presented in Fig. 11 show (in comparison with the above-discussed ones) greater spatial and temporal variability of positive and negative directions of slant delay differences. They reflect in a good way the motion of cloud structures over the WAT1 site, as observed in satellite images. Investigation of angular characteristics (Fig. 12) shows that the differences values of the slant delays with respect to the reference delay of 12 UTC are almost 1 m in the first and last hours of the forecast. The distributions presented in Figs. 7 through 12 reflect relative spatial and temporal changes of slant delays resulting from the atmospheric conditions evolution in the vicinity of the WAT1 site. Similar characteristics may be obtained for all reference sites of the ASG-EUPOS system. Generally, they may be obtained for each point of the computational area of the mesoscale model which fulfils the criterion of feasibility of scanning (Eq. 12). It is said that they determine the conditions of microwaves propagation in the atmosphere, i.e., the GPS weather, for the considered area and time of the model data archiving. Function 12 used for investigating the heterogeneousness of the slant delays is based on the differences of the absolute courses and average courses corresponding to them. Application of such a method enables to detect the azimuth differences. However, it does not contain all the information. It is the case because the averages with respect to the azimuth determined for each hour of the forecast change in time. Figure 13 presents the temporal courses for various elevation angles referred to daily azimuth averages, i.e., computed using 24 values of hourly averages.
On 19 April 2008 the differences increased while on 14 June 2009 they decreased for some of the forecast time, and then they increased exceeding the initial values. In the analysed cases, the changes of the average delays for small elevation angles exceed 1 m. The time courses (Fig. 13 ) also reflect well the character of temporal changes of differences of the distributions presented in Figs. 10 and 12. All the considered courses and angular distributions indicate existence of a usually neglected azimuth relation. The discrepancy from symmetry may be illustrated in a cylindrical system by means of transferring two-dimensional distributions (Figs. 7 through 12) to tridimensional space (Fig. 14) . Horizontal cross-sections (contour lines) of the constructed surfaces correspond to the azimuth distributions for fixed elevation angles İ, while vertical cross-sections correspond to profiles of differences of slant delays for a selected value of azimuth Į. For appropriately large elevation angles (H > 20q), the function contour lines (Fig. 14) become circles (for H = 90q) they convert to a point. It means that for measurements at such values of the cut-off angles, the azimuth asymmetry is negligible. Tridimensional discrete mapping functions may be obtained by adding to each of the contour lines of the selected distributions the hourly averages corresponding to them, and then dividing the values by zenithal delays. They are determined by the positions of GPS reference sites for measurement epochs related with subsequent hours of the forecast. These sets of functions (delays) enable us to analyse their spatial differences (Fig. 15) .
The differences of slant delays (Fig. 15) between the WAT1 and the WROC reference sites are a few times larger than those for the WAT1 and the LODZ sites which means that the propagation conditions in the atmosphere are dramatically different for those sites.
SUMMARY
The conducted research proved that non-hydrostatic mesoscale model forecast data enable to model spatial and temporal heterogeneousness of atmospheric refraction fields which may be used for investigating and simulating GPS waves propagation in the atmosphere. The results of computational experiments showed that the slant delay is a function of the azimuth of observation for small values of elevation angles. This relation reflects spatial heterogeneousness of the atmospheric state including the distribution of humidity along the GPS signal path. It was observed that the azimuth asymmetry (anisotropy) of the slant delays reaches the value of 1 m and it may be even larger in unfavourable weather conditions. Defining differential angular characteristics enabled us to present and investigate the anisotropic distributions of the slant delay in a better way. Application of the mesoscale model data enabled us to determine them for various atmospheric conditions. A more precise explanation of heterogeneousness of the obtained distributions and their spatial and temporal evolution requires further research related with, e.g., increasing the number of computational levels of the weather models, especially in the lower, humid part of the troposphere.
A c k n o w l e d g m e n t s . This research was financed by the Faculty of Civil Engineering and Geodesy of the MUT statutory research funds.
